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A type t 1s a set of values.

Some Basic Types

Name Symbol Type (set of values)

integer 7 integers: ...,—3,—2,—1,0,1,2,3,...

nat N natural numbers: 0,1,2,...

positive /A positive integers: 1,2,3,...

negative / negative integers: —1,—2,—-3,...

rational Q rational numbers: i/ for i, j integers, j £ 0
reals R real numbers

positive reals R positive real numbers

bool B booleans: true, false
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Annotated expressions

Every expression E has a type ?.

Expressions can be annotated with their types.

Expression | Annotated expression
a+b a:2.+b:7Z

a+b a:R+b:R
x" (x:R)*%): R
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Functions

A function has one or more parameters, and returns a value.

Example

odd(n) is a function with one parameter that returns frue if integer n is odd.
odd(6) returns false.

Functions with one parameter can be written without parentheses with a period.
Example

odd(n) can be written odd.n

Example

max(n,m) is a function with two parameters that returns the larger of n and m.
max(13,7) returns 13.
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If f(p1,p2,p3) is a function with three parameters, and

p1 has has type 1
p> has has type 1,
p3 has has type 13
the function f returns type r
then function f has type 1 X tp X t3 — r written
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If f(p1,p2,p3) is a function with three parameters, and

p1 has has type 1
p> has has type 1,
p3 has has type 13
the function f returns type r
then function f has type 1 X tp X t3 — r written
fif Xt Xtz —>r

Example

max(n,m) where n and m are integers has type max: Z X Z — 7.

Example

odd(n) has type odd: Z — B.

Example

odd(n,m) is type incorrect.
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8.1 Given are functions a,b,c,d, and e with types as follows.

a:A— B

b: B—C

c:C— A

d:AxC — D

e:BxB—FE
State whether each expression below is type correct. If not, explain why. Assume
wA, w:B, x:C', y:D,and z: F.

(a) e(a.u,w)

(b) b.x

(c¢) e(afc.x),a.u)
(d§ (c(b(a.y)))

a
(e) d(c.x,c.x)
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Abelian monoid

Symmetry: bxc = cxb
Associativity: (bxc)xd = bx (c*d)
Identity u: uxb = b = bxuy

You can quantify an abelian monoid.
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(8.6) (xx:tl,y:t2| R: P)
where:

e Variables x and y are distinct. They are called the bound variables or
dummies of the quantification. There may be one or more dummies.

e t1 and t2 are the types of dummies » and y. If t{1 and {2 are
the same type, we may write (xx,y:t1 | R : P). In the interest of
brevity, we usually omit the type when it is obvious from the context,
writing simply (xx,y | R: P).

e R, a boolean expression, is the range of the quantification —values
assumed by = and y satisfy R. R may refer to dummies z and
y . If the range is omitted, as in (xx |: P), then the range true is
meant.

e P, an expression, is the body of the quantification. P may refer to
dummies = and y.

e The type of the result of the quantiﬁcation is the type of P.
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(+i10<i<4:i-8)
(110<i<3:i4(i+1))
(N 10<i<2:4-d+#6)
(Vi 10 <4 <21:b[i]=0)

[ T T

0-8 + 1-8 + 2-8 + 3-8
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(+410<i<4:4-8)
(210<i<3:i4(i+1))
(/\iIOSi<2:i-d=,é6)
(Vi 10 <14 <21:b[i] =0)

[T T T

0-8 + 1-8 + 2:8 + 3-8
0+1) - (1+2) - (2+3)
0-d#6 A 1-d+#6

vV b[20] = 0
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(+£U|RP) as

(‘21 R:P)  as
(\/xIR:P) as
(/\ZlR:P) as

(Xz | R: P)
(Hz | R: P)
(3z | R : P)

(VYz | R: P)
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(8.9) Definition. The occurrence of i in the expression i is free.

Suppose an occurrence of 7 in expression E is free. Then that
same occurrence of ¢ is free in (F), in function application
f(...,E,...),and in (xx | £ : F) and (xz | F: FE) provided i
is not one of the dummies in list x.
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)

Define occurs(‘v’,‘e’) to mean that at least one variable in the list
v of variables occurs free in at least one expression in expression
list e. |
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(8.10) Definition. Let an occurrence of ¢ be free in an expression FE .
That occurrence of i is bound (to dummy 7 ) in the expression
(xx | E:F) or (xx | F: FE) if ¢ is one of the dummies in list = .
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(8.10) Definition. Let an occurrence of ¢ be free in an expression FE .
That occurrence of i is bound (to dummy 7 ) in the expression
(xx | E:F) or (xx | F: FE) if ¢ is one of the dummies in list = .

Suppose an occurrence of ¢ is bound in expression E . Then it is
also bound (to the same dummy) in (F), f(...,FE,...), (xx | E:
F) and (xzx | F: E).
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t+7+(Xi11<i<10:b[)7) +
(2i11<i<10:(Z511<5<10:ci,]]))
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(8.11) Provided —occurs(‘y’,‘z,F’),
(*y | R: P)lz:=F] = (>y | R[zx:=F|: Plz:= F]) .

(‘HEI]-SCBSQ:?J)[?/:—_—Q""Z] — (+$|1_<_g;§2;y+'z)
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A Logical Approach to Discrete Math

(8.11) Provided —occurs(‘y’,‘z, F’),
(*y | R: P)[x :=F] = (*yIR[a:::F]:P[:L‘ = F|) .

(tz1l1<z<2:y)y:=y+2] = (Fz 11 <2 <2:y+ 2)
(Fi10<i<n:bli] =n)n:=m] = (+7 10 <i<m:b[i] =m)
(+y 10 <y <n:bly) = n)n =y —
(+y10<y<n:blyl=n)y:=m] =



A Logical Approach to Discrete Math

(8.11) Provided —occurs(‘y’,‘z, F’),

(*y | R: P)[x :=F] = (*yIR[a: = F|: Plz:=F]) .
(+a:|1§a:§2:y)[y::y+z] = (+z11<z<2:y+%)
(+i10 <4< n:bfi] =n)n:=m] (+i 10 <i<m:b[i] =m)

(Fy10<y<n:dfyl=n)ln:=y] = (+510<j<y:b}j] =y)
(+y|05y<n:b[y]:n)[ =m] =
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(8.11) Provided —occurs(‘y’,‘z, F’),

(*y | R: P)[x :=F] = (*yIR[a: = F|: Plz:=F]) .
(+a:|1§a:§2:y)[y::y+z] = (+z11<z<2:y+%)
(+i10 <4< n:bfi] =n)n:=m] (+i 10 <i<m:b[i] =m)

(Fy 10y <n:byl=n)ln:=y] = (+j10<j<y:bj]=y)
(Fy10<y<n:by]=n)ly:=m] = (+7 10<j <n:b[j]=n)
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P=Q
(xz | E[z:=P):8)=(xzx | E[z:=Q]: S)

(8.12) Leibniz:

R = P=Q
(*x | R: E[z:=P]) = (*z | R: E[z := Q))
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For symmetric and associative binary operator x with identity u.
(8.13)  Axiom, Empty range: (%x| false:P)=u

0 1s the identity of +.
(+il2<i<5:
(+il2<i<4:i?
(+il2<i<3:i?
(+il2<i<2:i?

N— e e N

true 1s the identity of A.

Suppose b is an array of integers.
(Ni]2<i<5:bli] <x)=

(NP 12<i<4:blil<x)=
(Ni]2<i<3:bli] <x)=
(NP ]12<i<2:blil<x)=
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For symmetric and associative binary operator x with identity u.
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For symmetric and associative binary operator x with identity u.
(8.13)  Axiom, Empty range: (%x| false:P)=u

0 1s the identity of +.
(+il2<i<5:%)=22+3%4+42
(+il2<i<4:i?)=224+3
(+il12<i<3:i%) =22
(+il2<i<2:i®)=(+il false:i*) =0
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For symmetric and associative binary operator x with identity u.
(8.13)  Axiom, Empty range: (xx| false:P)=u

0 1s the identity of +.
(Fil2<i<5:i%)=2°+32+42
(+il2<i<4:i?)=224+3
(+il2<i<3:i%) =22

)

(+il2<i<2:i®) = (+il false:i*) =0

true 1s the identity of A.
Suppose b 1s an array of integers.

(NP ]12<i<5:bli]<x)=>b]2]<x ADb[3]<xA bld] <x
(Ni]2<i<4:blil<x)=Db2]<x N Db3]<x

(NP ]12<i<3:blil<x)=

(NP ]12<i<2:blil<x)=
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For symmetric and associative binary operator x with identity u.
(8.13)  Axiom, Empty range: (xx| false:P)=u

0 1s the identity of +.
(Fil2<i<5:i%)=2°+32+42
(+il2<i<4:i?)=224+3
(+il2<i<3:i%) =22

)

(+il2<i<2:i®) = (+il false:i*) =0

true 1is the identity of A.

Suppose b 1s an array of integers.

(NP ]12<i<5:bli]<x)=>b]2]<x ADb[3]<xA bld] <x
(Ni]2<i<4:blil<x)=Db2]<x N Db3]<x

(NP ]12<i<3:blil<x)=b]2]<x

(NP ]12<i<2:blil<x)=(Nil false:bli] <x)=
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For symmetric and associative binary operator x with identity u.
(8.13)  Axiom, Empty range: (xx| false:P)=u

0 1s the identity of +.
(Fil2<i<5:i%)=2°+32+42
(+il2<i<4:i?)=224+3
(+il2<i<3:i%) =22

)

(+il2<i<2:i®) = (+il false:i*) =0

true 1is the identity of A.

Suppose b 1s an array of integers.

(NP ]12<i<5:bli]<x)=>b]2]<x ADb[3]<xA bld] <x
(Ni]2<i<4:blil<x)=Db2]<x N Db3]<x

(NP ]12<i<3:blil<x)=b]2]<x

(NP2 <i<2:bli] <x)=(Nil false:bli] <x)=true




A Logical Approach to Discrete Math

(8.14)  Axiom, One-point rule: Provided —occurs(‘x’,‘E’),
(*x | x=FE : P) =Pl|x :=E]

(+ili=3:i%) =

Suppose b 1s an array of integers.
(Vili=3:bli]<x) =
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(8.14)  Axiom, One-point rule: Provided —occurs(‘x’,‘E’),
(*x | x=FE : P) =Pl|x :=E]

(+ili=3:?) = i?[i:=3] = 32

Suppose b 1s an array of integers.
(Vili=3:blil<x) = (bli|<x)|i:=3] =
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(8.14)  Axiom, One-point rule: Provided —occurs(‘x’,‘E’),
(*x | x=FE : P) =Pl|x :=E]

(+ili=3:?) = i?[i:=3] = 32

Suppose b 1s an array of integers.
(Vili=3:blil<x) = (bli| <x)|i:=3] = b3]<x
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(8.15)  Axiom, Distributivity: Provided P,Q : B or R is finite,
(*x|R:P)*x(>x|R:Q)=(*x|R:P%Q)

(+il1<i<4:2)+(+il1<i<4:5)
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= (Expand quantifications)
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(8.15)  Axiom, Distributivity: Provided P,Q : B or R is finite,
(*x|R:P)*x(>x|R:Q)=(*x|R:P%Q)

(+il1<i<4:20)+(+il 1 <i<4:57)
= (Expand quantifications)

(2.1+2.2+2.3)+(5,12+5.22+5.32)
= (Symmetry and associativity of +)

(2-145-1)4+(2:2+45-22)+(2-3+5-32)
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(8.15)  Axiom, Distributivity: Provided P,Q : B or R is finite,
(*x|R:P)*x(>x|R:Q)=(*x|R:P%Q)

(Hil1<i<4:20)+(+il1<i<4:57)
= (Expand quantifications)

(2-142-2+42-3)+(5-12+5-22+5-32)
= (Symmetry and associativity of +)

(2-145-12) 4+ (2-245-20) +(2-3+5-3%)
= (Quantify)



A Logical Approach to Discrete Math

(8.15)  Axiom, Distributivity: Provided P,Q : B or R is finite,
(*x|R:P)*x(>x|R:Q)=(*x|R:P%Q)

(+il1<i<4:20)+(+il 1 <i<4:57)
= (Expand quantifications)

(2.1+2.2+2.3)+(5,12+5.22+5.32)
= (Symmetry and associativity of +)

(2-145-1)4+(2:2+45-22)+(2-3+5-32)
= (Quantify)

(+il1<i<4:2i+52)



A Logical Approach to Discrete Math

(8.16)  Axiom, Range split: Provided RAS = false and P : B or R and § are finite,
(*x|RVS:P)=(*x|R:P)x(xx|S:P)

R:0<i<3
S:6<i<9
RVS: 0<i<3Vv6<i<9
RAS: false

(+i|RVS:i?)
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(8.16)  Axiom, Range split: Provided RAS = false and P : B or R and § are finite,
(*x|RVS:P)=(*x|R:P)x(*x|S:P)
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A Logical Approach to Discrete Math

(8.16)  Axiom, Range split: Provided RAS = false and P : B or R and § are finite,
(*x|RVS:P)=(*x|R:P)x(*x|S:P)

R:0<i<3

S:6<i<9

RVS: 0<i<3Vv6<i<9

RAS: false
(+i I RVS: i)

= (Definition of R and S)
(+il0<i<3V6<i<9:i?)

= (Expand quantification)
0+ 12+224+6>+7%2 48

= (Associativity of +)
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(8.16)  Axiom, Range split: Provided RAS = false and P : B or R and § are finite,
(*x|RVS:P)=(*x|R:P)x(*x|S:P)

R:0<i<3

S:6<i<9

RVS: 0<i<3Vv6<i<9

RAS: false
(+i I RVS: i)

= (Definition of R and S)
(+il0<i<3V6<i<9:i?)

= (Expand quantification)
0% +1%2422+6%+7> 48

= (Associativity of +)
(02412 +22) + (6% + 7% + 8?)



A Logical Approach to Discrete Math

(8.16)  Axiom, Range split: Provided RAS = false and P : B or R and § are finite,
(*x|RVS:P)=(*x|R:P)x(*x|S:P)

R:0<i<3
S:6<i<9
RVS: 0<i<3Vve6<i<9
RAS: false
(+i I RVS: i)
= (Definition of R and S)
(+il0<i<3V6<i<9:i?)
= (Expand quantification)
0°+12+22+6%+7%+8°
= (Associativity of +)
(02412 +22) + (6% + 7% + 8?)
= (Quantify)



A Logical Approach to Discrete Math

(8.16)  Axiom, Range split: Provided RAS = false and P : B or R and § are finite,
(*x|RVS:P)=(*x|R:P)x(*x|S:P)

R:0<i<3
S:6<i<9
RVS: 0<i<3Vve6<i<9
RAS: false
(+i I RVS: i)
= (Definition of R and S)
(+il0<i<3V6<i<9:i?)
= (Expand quantification)
0%+ 12 +224+6>4+7°+8°
= (Associativity of +)
(02412 +22) + (6% + 7% + 8?)
= (Quantify)
(4il0<i<3:)+(+il6<i<9:?)



A Logical Approach to Discrete Math

(8.16)  Axiom, Range split: Provided RAS = false and P : B or R and § are finite,
(*x|RVS:P)=(*x|R:P)x(*x|S:P)

R:0<i<3
S:6<i<9
RVS: 0<i<3Vv6<i<9
RAS: false
(+i I RVS: i)
= (Definition of R and S)
(+il0<i<3V6<i<9:i?)
= (Expand quantification)
0% +1%2422+6%+7> 48
= (Associativity of +)
(02412 +22) + (6% + 7% + 8?)
= (Quantify)
(4il0<i<3:)+(+il6<i<9:?)
= (Definition of R and §)



A Logical Approach to Discrete Math

(8.16)  Axiom, Range split: Provided RAS = false and P : B or R and § are finite,
(*x|RVS:P)=(*x|R:P)x(*x|S:P)

R:0<i<3
S:6<i<9
RVS: 0<i<3Vve6<i<9
RAS: false
(+i I RVS: i)
= (Definition of R and S)
(+il0<i<3V6<i<9:i?)
= (Expand quantification)
0%+ 12 +224+6>4+7°+8°
= (Associativity of +)
(02412 +22) + (6% + 7% + 8?)
= (Quantify)
(4il0<i<3:)+(+il6<i<9:?)
= (Definition of R and §)
(il R:*)+ (+il S:i%)



A Logical Approach to Discrete Math

(8.17)  Axiom, Range split: Provided P : B or R and § are finite,
(*x |RVS:P)* (x| RAS:P)=(*x|R: P)*(*xx|S: P)

Now, R A S is not required to be false.
R:1<i<5

S:3<i<7

RVS: 1<i<7

RAS:3<i<5

(+i | RV S : %)+ (+i | RAS : %)
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(8.17)  Axiom, Range split: Provided P : B or R and § are finite,
(*x |RVS:P)* (x| RAS:P)=(*x|R: P)*(*xx|S: P)

Now, R A S is not required to be false.
R:1<i<5
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= (Definition of R and S)
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A Logical Approach to Discrete Math

(8.17)  Axiom, Range split: Provided P : B or R and § are finite,
(*x|RVS:P)x (x| RAS:P)=(*x|R:P)*(*x | S: P)

Now, R A S is not required to be false.
R:1<i<5
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RAS:3<i<5
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= (Definition of R and S)
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= (Expand quantifications)



A Logical Approach to Discrete Math

(8.17)  Axiom, Range split: Provided P : B or R and § are finite,
(*x|RVS:P)x (x| RAS:P)=(*x|R:P)*(*x | S: P)

Now, R A S is not required to be false.

R:1<i<5

S:3<5i<T

RVS: 1<i<7

RAS:3<i<5
(+i | RV S : %)+ (+i | RAS : %)

= (Definition of R and S)
(il 1<i<T:P3)+(+i13<i<5:i%)

= (Expand quantifications)
(12422432442 452 +-6%) + (32 +4?)



A Logical Approach to Discrete Math

(8.17)  Axiom, Range split: Provided P : B or R and § are finite,
(*x|RVS:P)x (x| RAS:P)=(*x|R:P)*(*x | S: P)

Now, R A S is not required to be false.
R:1<i<5
S:3<i<7
RVS: 1<i<7
RAS:3<i<5
(+i|RVS i)+ (+i|RAS: %)
= (Definition of R and §)
(+il1<i<T:®)+(+il3<i<5:2)
= (Expand quantifications)
(17 422432442+ 52 +6%) + (32 +4?)
= (Symmetry and associativity of +)



A Logical Approach to Discrete Math

(8.17)  Axiom, Range split: Provided P : B or R and § are finite,
(*x|RVS:P)x (x| RAS:P)=(*x|R:P)*(*x | S: P)

Now, R A S is not required to be false.
R:1<i<5
S:3<i<7
RVS: 1<i<7
RAS:3<i<5
(+i|RVS i)+ (+i|RAS: %)
= (Definition of R and §)
(+il1<i<T:®)+(+il3<i<5:2)
= (Expand quantifications)
(17 422432442+ 52 +6%) + (32 +4?)
= (Symmetry and associativity of +)
(12 +2%2 432 +4%) 4 (32 + 4% + 52 +6°)



A Logical Approach to Discrete Math

(8.17)  Axiom, Range split: Provided P : B or R and § are finite,
(*x|RVS:P)x (x| RAS:P)=(*x|R:P)*(*x | S: P)

Now, R A S is not required to be false.
R:1<i<5
S:3<i<7
RVS: 1<i<7
RAS:3<i<5
(+i|RVS i)+ (+i|RAS: %)
= (Definition of R and §)
(Fil1<i<T: )+ (+il3<i<5:)
= (Expand quantifications)
(17 422432442+ 52 +6%) + (32 +4?)
= (Symmetry and associativity of +)
(12 +2%2 432 +4%) 4 (32 + 4% + 52 +6°)
= (Quantify)



A Logical Approach to Discrete Math

(8.17)  Axiom, Range split: Provided P : B or R and § are finite,
(*x|RVS:P)x (x| RAS:P)=(*x|R:P)*(*x | S: P)

Now, R A S is not required to be false.
R:1<i<5
S:3<i<7
RVS: 1<i<7
RAS:3<i<5
(+i|RVS i)+ (+i|RAS: %)
= (Definition of R and §)
(Fil1<i<T: )+ (+il3<i<5:)
= (Expand quantifications)
(17 422432442+ 52 +6%) + (32 +4?)
= (Symmetry and associativity of +)
(12 +2%2 432 +4%) 4 (32 + 4% + 52 +6°)
= (Quantify)
(Fil1<i<5:2)+(+ild<i<5:8)



A Logical Approach to Discrete Math

(8.17)  Axiom, Range split: Provided P : B or R and § are finite,
(*x|RVS:P)x (x| RAS:P)=(*x|R:P)*(*x | S: P)

Now, R A S is not required to be false.
R:1<i<5
S:3<i<7
RVS: 1<i<7
RAS:3<i<5
(+i|RVS i)+ (+i|RAS: %)
= (Definition of R and §)
(Hil1<i<7:2)+(+il3<i<5:P)
= (Expand quantifications)
(17 422432442+ 52 +6%) + (32 +4?)
= (Symmetry and associativity of +)
(12 +2%2 432 +4%) 4 (32 + 4% + 52 +6°)
= (Quantify)
(Fil1<i<5:P)+(+ild4<i<5:i%)
=  (Definition of R and §)



A Logical Approach to Discrete Math

(8.17)  Axiom, Range split: Provided P : B or R and § are finite,
(*x|RVS:P)x (x| RAS:P)=(*x|R:P)*(*x | S: P)

Now, R A S is not required to be false.
R:1<i<5
S:3<i<7
RVS: 1<i<7
RAS:3<i<5
(+i|RVS i)+ (+i|RAS: %)
= (Definition of R and §)
(Hil1<i<7:2)+(+il3<i<5:P)
= (Expand quantifications)
(17 422432442+ 52 +6%) + (32 +4?)
= (Symmetry and associativity of +)
(12422432 4+42) + (32 + 42+ 52+ 67)
= (Quantify)
(Fil1<i<5:P)+(+ild4<i<5:i%)
=  (Definition of R and §)
(il R: %)+ (+il S: %)



A Logical Approach to Discrete Math

(8.18)  Axiom, Range split for idempotent x : Provided P: B or R and S are finite,
(*x |RVS:P)=(xx|R:P)*x(xx|S:P)

A 1s idempotent because p A p = p.
Suppose b is an array of integers.
R:0<i<?2

S:1<i<3

RVS: 0<i<3

(A TR :x <B[i]) A (A 1S:x < bli])
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= (Definition of R and S)
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= (Definition of R and S)
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= (Definition of R and S)
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(8.18)  Axiom, Range split for idempotent x : Provided P: B or R and S are finite,
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(8.18)  Axiom, Range split for idempotent x : Provided P: B or R and S are finite,
(*x |RVS:P)=(x|R:P)x(>x|S:P)

A 1s idempotent because p A p = p.
Suppose b is an array of integers.
R:0<i<?2
S:1<i<3
RVS: 0<i<3
(NI R:x<bli]) N (NilS:x<bli])
= (Definition of R and S)
(N 10<i<2:x<bli]) N (Nill1<i<3:x<bli])
= (Expand quantifications)
x < b[0] A x<b[l] A x<b[l] A x < b|2]
= ((338) pAp=p)
x<blO] AN x<b[l] AN x<b|]2




A Logical Approach to Discrete Math

(8.18)  Axiom, Range split for idempotent x : Provided P: B or R and S are finite,
(*x |RVS:P)=(x|R:P)x(>x|S:P)

A 1s idempotent because p A p = p.
Suppose b is an array of integers.
R:0<i<?2
S:1<i<3
RVS: 0<i<3
(NI R:x<bli]) N (NilS:x<bli])
= (Definition of R and S)
(N10<i<2:x<bli]) N (Ni]ll1<i<3:x<bli)
= (Expand quantifications)
x < b[0] A x<b[l] A x<b[l] A x < b|2]
= ((338) pAp=p)
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A Logical Approach to Discrete Math

(8.18)  Axiom, Range split for idempotent x : Provided P: B or R and S are finite,
(*x |RVS:P)=(x|R:P)x(>x|S:P)

A 1s idempotent because p A p = p.
Suppose b is an array of integers.
R:0<i<?2

S:1<i<3

RVS: 0<i<3

(AP IR:x<Dbli]) A (Ni|S:x<bli])
= (Definition of R and S)
(Ni10<i<2:x<bli]) N (Nill1<i<3:x<Dbli])
= (Expand quantifications)
x < b[0] A x<b[l] A x<b[l] A x < b|2]
—  (338) pAp=p)
x<blO] AN x<b[l] AN x<b|]2
= (Quantify)
(Ai10<i<3:x<bli])




(8.18)

A 1s idempotent because p A p = p.
Suppose b is an array of integers.

A Logical Approach to Discrete Math

R:0<i<?2

S:1<i<3

RVS: 0<i<3
(NI R:x<bli]) N (NilS:x<bli])
(Definition of R and §)
(N 10<i<2:x<bli]) N (Nill1<i<3:x<bli])
(Expand quantifications)

x < bl0
((3.38
x < bl0

AN x<b
)PAP =

A x <b|

(Quantify)
(NP ]10<i<3:x<bli])
(Definition of R and §)

_1_

p)
1

A x < b[1]

A x<b|2

Axiom, Range split for idempotent * :
(*x|RVS:P)=(xx|R:P)x(*x|S:P)

A x < b[2]

Provided P : B or R and S are finite,



(8.18)

A 1s idempotent because p A p = p.
Suppose b is an array of integers.

A Logical Approach to Discrete Math

R:0<i<?2
S:1<i<3
RVS: 0<i<3
(NI R:x<bli]) N (NilS:x<bli])
(Definition of R and §)
(N 10<i<2:x<bli]) N (Nill1<i<3:x<bli])
(Expand quantifications)

x < bl0
((3.38
x < bl0

AN x<b
)PAP =

A x <b|

(Quantify)
(NP ]10<i<3:x<bli])
(Definition of R and §)

(NI RV S :x < bli])

_1_

p)
1

A x < b[1]

A x<b|2

Axiom, Range split for idempotent * :
(*x|RVS:P)=(xx|R:P)x(*x|S:P)

A x < b[2]

Provided P : B or R and S are finite,



A Logical Approach to Discrete Math

(8.19)  Axiom, Interchange of dummies: Provided x is idempotent or R and Q are finite,
—occurs(‘y’,‘R’), —occurs(‘x’,°Q’),
(*x|R:(xy1Q:P))=(xy1Q:(*xx|R:P))

R: 1<x<4
Q:8<y<10
P:6-x-y

Note that —occurs(‘y’,‘1 <x < 4’) and —occurs(‘x’,'8 <y < 10”)

(+x1R: (+y1Q:6-x-y))
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(+xIR: (+y1Q:6-x-y))
= (Expand inner quantification)
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Q:8<y<10
P:6-x-y

Note that —occurs(‘y’,‘1 <x < 4’) and —occurs(‘x’,'8 <y < 10”)

(+xIR: (+y1Q:6-x-y))
= (Expand inner quantification)
(+x|1R:6-x-8+6-x-9)



A Logical Approach to Discrete Math

(8.19)  Axiom, Interchange of dummies: Provided x is idempotent or R and Q are finite,

—occurs(‘y’,‘R’), —occurs(‘x’,°Q’),
(*x|R:(xy1Q:P))=(xy1Q:(*xx|R:P))
R: 1<x<4
Q:8<y<10
P:6-x-y

Note that —occurs(‘y’,‘1 <x < 4’) and —occurs(‘x’,'8 <y < 10”)

(+x|IR: (+y1Q:6-x-y))

= (Expand inner quantification)
(+x|1R:6-x-8+6-x-9)

=  (Expand quantification)



A Logical Approach to Discrete Math

(8.19)  Axiom, Interchange of dummies: Provided x is idempotent or R and Q are finite,

—occurs(‘y’,‘R’), —occurs(‘x’,°Q’),
(*x|R:(xy1Q:P))=(xy1Q:(*xx|R:P))
R: 1<x<4
Q:8<y<10
P:6-x-y

Note that —occurs(‘y’,‘1 <x < 4’) and —occurs(‘x’,'8 <y < 10”)

(+x|IR: (+y1Q:6-x-y))

= (Expand inner quantification)
(+x|1R:6-x-8+6-x-9)

=  (Expand quantification)
(6:1-846-1-9)+(6:-2-8+6:2-9)+(6-3-8+6-3-9)



A Logical Approach to Discrete Math

(8.19)  Axiom, Interchange of dummies: Provided x is idempotent or R and Q are finite,

—occurs(‘y’,‘R’), moccurs(‘x’,*Q’),
(*x|R:(xy1Q:P))=(xy1Q:(*xx|R:P))
R: 1<x<4
Q:8<y<10
P:6-x-y

Note that —occurs(‘y’,‘1 <x < 4’) and —occurs(‘x’,'8 <y < 10”)

(+xIR: (+y1Q:6-x-y))
= (Expand inner quantification)
(+x|1R:6-x-8+6-x-9)
= (Expand quantification)
(6-1-84+6-1-9)+(6-2-8+6-2-9)+(6-3-84+6-3-9)
= (Symmetry and associativity of +)
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(8.19)  Axiom, Interchange of dummies: Provided x is idempotent or R and Q are finite,

—occurs(‘y’,‘R’), moccurs(‘x’,*Q’),
(*x|R:(xy1Q:P))=(xy1Q:(*xx|R:P))
R: 1<x<4
Q:8<y<10
P:6-x-y

Note that —occurs(‘y’,‘1 <x < 4’) and —occurs(‘x’,'8 <y < 10”)

(+xIR: (+y1Q:6-x-y))
= (Expand inner quantification)
(+x|IR:6-x-8+6-x-9)
= (Expand quantification)
(6-1-84+6-1-9)+(6-2-84+6-2-9)+(6-3-8+6-3-9)
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(+xIR:6-x-8)+(+x|R:6-x-9)
= (Quantify over y)
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(8.19)  Axiom, Interchange of dummies: Provided x is idempotent or R and Q are finite,

—occurs(‘y’,‘R’), moccurs(‘x’,*Q’),
(*x|R:(xy1Q:P))=(xy1Q:(*xx|R:P))
R: 1<x<4
Q:8<y<10
P:6-x-y

Note that —occurs(‘y’,‘1 <x < 4’) and —occurs(‘x’,'8 <y < 10”)

(+xIR: (+y1Q:6-x-y))

= (Expand inner quantification)
(+x|IR:6-x-8+6-x-9)

= (Expand quantification)
(6-1-84+6-1-9)+(6-2-84+6-2-9)+(6-3-8+6-3-9)
= (Symmetry and associativity of +)
(6-1-84+6-2-8+6-3-8)4+(6-1-94+6-2-94+6-3-9)
= (Quantify over x)
(+xIR:6-x-8)+(+x|R:6-x-9)

= (Quantify over y)

(+y1Q: (+xIR:6-x-y))
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Using the dot notation:  f.x = x?

y=4x



A Logical Approach to Discrete Math

Inverse functions

Example

Suppose you have function:  f(x) = x*
Using the dot notation:  f.x = x?

y=x>

= (Solve for x)



A Logical Approach to Discrete Math

Inverse functions

Example

Suppose you have function:  f(x) = x*
Using the dot notation:  f.x = x?

y=x>

= (Solve for x)

x= 5



A Logical Approach to Discrete Math

Inverse functions

Example

Suppose you have function:  f(x) = x*
Using the dot notation:  f.x = x?

2

y=X
= (Solve for x)
X=,/y

So f'(y) =y



A Logical Approach to Discrete Math

Inverse functions

Example

Suppose you have function:  f(x) = x*
Using the dot notation:  f.x = x?

2

y=2Xx

= (Solve for x)
r= 5

So fTH) =

) =



A Logical Approach to Discrete Math

Inverse functions

Example

Suppose you have function:  f(x) = x*
Using the dot notation:  f.x = x?

2

y=X

= (Solve for x)
X=,/y

So fTH) =

FU) =) =



A Logical Approach to Discrete Math

Inverse functions

Example

Suppose you have function:  f(x) = x*
Using the dot notation:  f.x = x?

2

y=X

= (Solve for x)
X=,/y

So fTH) =

FUO) = () = (V3)* =



A Logical Approach to Discrete Math

Inverse functions

Example

Suppose you have function:  f(x) = x*
Using the dot notation:  f.x = x?

2

y=X

= (Solve for x)
X=,/y

So fTH) =

FUO) =) = () =y



A Logical Approach to Discrete Math

Inverse functions

Example

Suppose you have function:  f(x) = x*
Using the dot notation:  f.x = x?

2

y=X

= (Solve for x)
X=,/y

So fTH) =



A Logical Approach to Discrete Math

Inverse functions

Example

Suppose you have function:  f(x) = x*
Using the dot notation:  f.x = x?

2

y=X

= (Solve for x)
X=,/y

So fTH) =

FUO) =) = () =y
@) =1 =



A Logical Approach to Discrete Math

Inverse functions

Example

Suppose you have function:  f(x) = x*
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Example

Suppose you have function:  f(x) = x*
Using the dot notation:  f.x = x?

2

y=X

= (Solve for x)
X=,/y

So fTH) =
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Inverse functions

Example

Definition of inverse function

Suppose you have function:  f(x) = x*
Using the dot notation:  f.x = x?

2

y=X

= (Solve for x)
X=,/y

So fTH) =

FU ) =F(3) = (V) =y
@) =) =Vl =x
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Inverse functions

Example

Definition of inverse function
_ 1
y=fx = x=f""y

Suppose you have function:  f(x) = x*
Using the dot notation:  f.x = x?

2

y=X

= (Solve for x)
X=,/y

So fTH) =

FU ) =F(3) = (V) =y
@) =) =Vl =x
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Inverse functions

Example Definition of inverse function

Suppose you have function:  f(x) = x* y=fx = x=f"ly

Or, switching x and y

Using the dot notation:  f.x = x?

2

y=x
= (Solve for x)
r= 5

So fly) =y
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Inverse functions

Example Definition of inverse function
SuPpose you have fun?tion: f ()zc) = x* y=fx = x=f"ly
Using the dot notation: f.x=x Or, switching x and y
_ |

y= 2 x=fy =y=f"x
= (Solve for x)

X=,/y
So [T =y



A Logical Approach to Discrete Math

Prove (8.22) Change of dummy:



A Logical Approach to Discrete Math

Prove (8.22) Change of dummy:
Provided —occurs(‘y’,‘R,P’), and f has an inverse,



A Logical Approach to Discrete Math

Prove (8.22) Change of dummy:
Provided —occurs(‘y’,‘R,P’), and f has an inverse,

(*x|R:P) = (*y | R|x:= f.y] : Plx:= f.y])



A Logical Approach to Discrete Math

Prove (8.22) Change of dummy:
Provided —occurs(‘y’,‘R,P’), and f has an inverse,

(xx | R:P) = (xy | R|x:= f.y| : Plx:= f.y])
Proof -



A Logical Approach to Discrete Math

Prove (8.22) Change of dummy:
Provided —occurs(‘y’,‘R,P’), and f has an inverse,

(xx | R:P) = (xy | R|x:= f.y| : Plx:= f.y])
Proof -

(%y | R[x := f.y] : Plx := f.y])



A Logical Approach to Discrete Math

Prove (8.22) Change of dummy:
Provided —occurs(‘y’,‘R,P’), and f has an inverse,
(*x|R:P) = (*y | R|x:= f.y] : Plx:= f.y])

Proof -
(xy | R[x := f.y]: Plx = f.y])

= ((8.14) One-point rule in body)



A Logical Approach to Discrete Math

Prove (8.22) Change of dummy:
Provided —occurs(‘y’,‘R,P’), and f has an inverse,
(*x|R:P) = (*y | R|x:= f.y] : Plx:= f.y])

Proof -
(xy | R[x := f.y]: Plx = f.y])

= ((8.14) One-point rule in body)

(xy | R[x:= fy]: (kx|x= f.y:P))



A Logical Approach to Discrete Math

Prove (8.22) Change of dummy:
Provided —occurs(‘y’,‘R,P’), and f has an inverse,
(xx | R:P) = (xy | R|x:= f.y| : Plx:= f.y])

Proof -
(xy | R[x := f.y] : Plx:= f.y])

= ((8.14) One-point rule in body)
(xyIRx:=fyl:(xxlx=fy:P))

= ((8.20) Nesting, because x cannot be in R|x := f.y])



A Logical Approach to Discrete Math

Prove (8.22) Change of dummy:
Provided —occurs(‘y’,‘R,P’), and f has an inverse,
(xx | R:P) = (xy | R|x:= f.y| : Plx:= f.y])

Proof -
(xy | R[x := f.y] : Plx:= f.y])

= ((8.14) One-point rule in body)
(xyIRx:=fyl:(xxlx=fy:P))

= ((8.20) Nesting, because x cannot be in R|x := f.y])
(*x,y I R[x:= fy] AN x=f.y:P)



A Logical Approach to Discrete Math

Prove (8.22) Change of dummy:
Provided —occurs(‘y’,‘R,P’), and f has an inverse,
(xx | R:P) = (xy | R|x:= f.y| : Plx:= f.y])

Proof -
(xy | R[x := f.y] : Plx:= f.y])

= ((8.14) One-point rule in body)
(xyIRx:=fyl:(xxlx=fy:P))

= ((8.20) Nesting, because x cannot be in R|x := f.y])
(*x,y I R[x:= fy] AN x=f.y:P)

= ((3.84a) Substitution)



A Logical Approach to Discrete Math

Prove (8.22) Change of dummy:
Provided —occurs(‘y’,‘R,P’), and f has an inverse,
(xx | R:P) = (xy | R|x:= f.y| : Plx:= f.y])

Proof -
(xy | R[x := f.y] : Plx:= f.y])

= ((8.14) One-point rule in body)
(xyIRx:=fyl:(xxlx=fy:P))

= ((8.20) Nesting, because x cannot be in R|x := f.y])
(*x,y I R[x:= fy] AN x=f.y:P)

= ((3.84a) Substitution)
(*x,y |R[x:=x] AN x=f.y:P)
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(xx,y | R[x :==x] A x=f.y: P)

— (Property of textual substitution R[x = x] = R>
(*x,y IR AN x= f.y:P)

= (Definition of inverse,x = f.y = y=f - X)
(*x7y | R A y :f_l.x : P)

= {(8.20) Nesting, legal because —occurs(‘y’,‘R’))
(xx|R: (xy|ly=ftx:P))

= ((8.14) One-point rule)
(xx | R: Ply := f~1.x])

= (Textual substitution because —occurs(‘y’,‘P’))
(xx|R:P) /I
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(8.22)  Change of dummy: Provided —occurs(‘y’,'R,P’), and f has an inverse,
(*x | R: P) = (xy | Rlx:= f.y]: Plx:=f.y])

(8.22) Example
Suppose you have quantification: (+i|2<i<5:i%) =22+3%244°

(+i12<i<5:)
—  (822)withi=f.j=j+2)
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(8.22) Example
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(8.22)  Change of dummy: Provided —occurs(‘y’,'R,P’), and f has an inverse,
(*x | R: P) = (xy | Rlx:= f.y]: Plx:=f.y])

(8.22) Example
Suppose you have quantification: (+i|2<i<5:i%) =22+3%244°

(+i12<i<5:)
= ((822)withi=f.j=j+2)
(i1 2<i<S)[i=j+2]: ()]i:=j+2])
= (Textual substitution)
(+12<j+2<5:(j+2)%)
= (Math)
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(8.22)  Change of dummy: Provided —occurs(‘y’,'R,P’), and f has an inverse,
(*x | R: P) = (xy | Rlx:= f.y]: Plx:=f.y])

(8.22) Example
Suppose you have quantification: (+i|2<i<5: i2) =22 1132442
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(8.22)  Change of dummy: Provided —occurs(‘y’,'R,P’), and f has an inverse,
(*x | R: P) = (xy | Rlx:= f.y]: Plx:=f.y])

(8.22) Example
Suppose you have quantification: (+i|2<i<5: i2) =22 1132442

(+il2<i<5:i%)
—  (822)withi=f.j=j+2)
(+j1(2<i<s)i:=j+2]: (®)i:=j+2])
= (Textual substitution)
(+12<j+2<5:(j+2)%)
= (Math)
(+j10<j<3:(j+2)?)

Both the range and the body are different from the original.
However, the expansion is the same.

(+710<j<3:(j+2)2)=(04+2)>+(1+2)>+(2+2)?
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