THEOREMS FROM GRIES AND SCHNEIDER’S LADM

J. STANLEY WARFORD

Abstract. This is a collection of the axioms and theorems in Gries and Schneider’s book
A Logical Approach to Discrete Math (LADM), Springer-Verlag, 1993. The numbering is
consistent with that text. Additional theorems not included or numbered in LADM are indi-
cated by a three-part number. This document serves as a reference for homework exercises

and taking exams.

Table of Precedences

(a) [x:= e] (textual substitution) (highest precedence)

(b) . (function application)
(c) unary prefix operators: +
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All nonassociative binary infix operators associate from left to right except *x*, <, and
=, which associate from right to left.

Definition of /: The operators on lines (j), (1), and (m) may have a slash / through them
to denote negation—e.g. x ¢ T is an abbreviation for =(x € T).

Some Basic Types
Name Symbol Type (set of values)
integer / integers: ...,—3,—-2,—1,0,1,2,3,...
nat N natural numbers: 0,1,2,...
positive /A positive integers: 1,2,3,...
negative V/ negative integers: —1,—-2,-3,...
rational Q rational numbers: i/ for i, j integers, j # 0
reals R real numbers

positive reals ~ RT

bool

B
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Theorems of the Propositional Calculus

Equivalence and true.

3.1 Axiom, Associativity of =: ((p=¢q)=r) = (p=(¢g=7))
3.2 Axiom, Symmetry of =: p=
(3.3) Axiom, Identity of =: true =
34 true

(3.5) Reflexivityof =: p=p

Negation, inequivalence, and false.
(3.8) Definition of false: false = —true

(3.9 Axiom, Distributivity of ~over=: —(p=g¢q) = ~p=¢
(3.10)  Definitionof £: (p#q) = ~(p=q)

3.11) -—-p=g=p=—gq

(3.12)  Double negation: —-—p=p

(3.13)  Negation of false: —false=true

(3.14) (p#q) = p=¢q

(3.15) —p=p=false

(316) Symmetryof#: (p#4q) = (q¢#p)

(3.17)  Associativityof Z: ((pZq)Zr) = (pZ(qZT))
(3.18)  Mutual associativity: ((p#Zq)=r) = (p£(q=r))
(3.19)  Mutual interchangeability: p#qg=r = p=qg#r
(B19.1) p#Ep#q=gq

Disjunction.

(324) Axiom,SymmetryofV: pVg=gqVp

(325)  Axiom, Associativity of V: (pVq)Vr=pV(qVr)
(3.26) Axiom,Idempotencyof V: pVp=p

(3.27)  Axiom, Distributivity of Vover=: pV(g=r)=pVg=pVr

(3.28)  Axiom, Excluded middle: pV -—p

(329) ZeroofV: pVtrue=true

(330) Identityof V: pV false=p

(3.31)  Distributivity of Vover V: pV(gVvr)=(pVq)V(pVr)
(332) pvVg=pV—qg=p

Conjunction.

(3.35) Axiom,Goldenrule: pAg =p =g = pVg
(336) Symmetryof A: pAg=qgAp

(3.37)  Associativity of A\ (pAg)ATr=pA(gAT)
(338) Idempotencyof A: pAp=p

(339) Identityof A: pAtrue=p

(3.40) Zeroof A: pA false= false
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(3.41) Distributivity of Aover A: pA(gATr)=(pAg)N(pAT)
(342)  Contradiction: pA-—p= false
(343)  Absorption:
(@ pA(pVq)=
(®) pVipng) =
(3.44)  Absorption:
@ pA(-pVg)=pAg
(b) pV(-pAg)=pVq
(3.45) Distributivity of Vover A: pV(gAr)=(pVg)A(pVr)
(3.46)  Distributivity of Aover V: pA(qVr)=(pAq)V(pAr)
(346.1) Consensus: (pAq)V(-pAr)V(gAr)=(pAq)V(-pAr)
(347) De Morgan:
@ —=(pAg)=-pV—q
(b) ~(pVg)=-pA—q
348) pAgq=pA—-g=-p
349) pA(g=r) =pAqg=pAr=p
(350) pAlg=p) = pPAq
(351) Replacement: (p=g)A(r=p) = (p=g9)AN(r=9q)
(3.52) Equivalence: p=q = (pAq)V(-pA—q)
(3.53) Exclusiveor: pZg = (-pAq)V(pA—q)
(3355 (pA@QAr=p=qg=r=pVqg=qVr=rVp = pVqVr

p
p

Implication.
(3.57)  Definition of Implication: p=¢g = pVqg = g

(3.58)  Axiom, Consequence: p<gqg =g=p
(3.59) Implication: p=g¢q = —pVq

(3.60) Implication: p=g = pAg =p

(3.61)  Contrapositive: p=q = —g= —p
362) p=(¢g=r) Ep/\qu/\r

(3.63) Distributivity of = over=: p=(¢=7)
(3.63.1) Distributivity of = over A: p=gAr =
(3.63.2) Distributivity of = over V: p=gqVr
B64) p=(g=r) =p=9=(@P=71)

(3.65) Shunting: pAg=r =p=(q=r)

=P=q9 =(p=71)
(p=a)N(p=r)
=(p=q9Vip=r

(366) pA(p=4q) = pAq
(3.67) pA(g=p) =
3.68) pVip=q) = true

(369 pV(g=p) =q=p

(370) pVg=pAgq=p=gq

(3.71)  Reflexivityof =: p=p

(3.72) Right zeroof = : p = true = true
(3.73) Leftidentityof =: true=p =1p
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(3.74) p= false = —p

(3.74.1) —p= false = p

(3742) p=—-p=-p

(3.75)  false = p = true

(3.76)  Weakening/strengthening:

(@ p=pVg (Weakening the consequent)
®) pAg=p (Strengthening the antecedent)
(c) pANgq=pVgq (Weakening/strengthening)

(d) pV(gnr)=pVq

(e) pAg=pA(qVr)
(3.76.1) pANgq=pVr (Weakening/strengthening)
(3762) (p=q) = (g=r)=(p=r))
(3.77) Modus ponens: pA(p=q)=gq
(3.77.1) Modus tollens: (p=g)A—g= —p
378) (p=r)A(g=r) = pVg=r
(3.78.1) (p=r)V(g=r) = pAg=r
379 (p=rA(p=>r) =r
(3.80)  Mutual implication: (p=¢)A(g=p) = (p=9q)
(3.81)  Antisymmetry: (p=¢)A(g=p)=(p=q)
(3.82)  Transitivity:

@ (p=q9Ng=r)=(p=r)

®) (p=qg)N(g=r)=(p=r)

© (p=aqN(g=r)=(p=r)
(3.82.1) Transitivityof =: (p=g)A(g=r)=(p=7r)
(3822) (p=q)=(p=q)

Leibniz as an axiom.
This section uses the following notation: E means E [z := X].
(3.83)  Axiom, Leibniz: e=f=El= E?
(3.84)  Substitution:

@ (e=f)NE; = (e=[)NE}

b) (e=f)=E = (e=f)=E}

© ghle=f)=E = qN(e=[f)=E;
(3.85)  Replace by true:

(@ p=Ej = p=Ej

®) g Ap=E;, = qA\p=Efy,
(3.86) Replace by false:

(a) Ef, =p = E}am =p

(b) E;,=pVg = E}am =pVg
(3.87)  Replace by true: pAE; = pAEf,,
(3.88)  Replace by false: pVE;, = p\/E;'alse
(3.89)  Shamnon: Ej = (pAEf,)V (—p/\E}alSe)
(3.89.1) E%,. /\E}alxe =E}
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Additional theorems concerning implication.

41  p=(¢=rp)

4.2) Monotonicity of V: (p=¢q)= (pVr=¢qVr)
(4.3) Monotonicity of A: (p=¢q) = (pAr=qAr)

Proof technique metatheorems.
44 Deduction (assume conjuncts of antecedent):

To prove P; A P, = Q, assume P; and P>, and prove Q.

You cannot use textual substitution in P; or P,.
4.5) Case analysis: If £}, and E ?am are theorems, then so is Ej,.
(4.6) Case analysis: (pVgVr)A(p=s)A(g=s)A(r=s)=s
4.7 Mutual implication: To prove P = Q, prove P = Q and Q = P.
(4.7.1)  Truth implication: To prove P, prove true = P.
(4.9 Proof by contradiction: To prove P, prove =P = false.
(49.1) Proof by contradiction: To prove P, prove =P = false.
(4.12)  Proof by contrapositive: To prove P = Q, prove ~Q = —P.

General Laws of Quantification

For symmetric and associative binary operator = with identity u.

(8.13)  Axiom, Empty range: (xx| false:P)=u

(8.14)  Axiom, One-point rule: Provided —occurs(‘x’,‘E’),
(xx|x=E:P)=Plx:=E]

(8.15)  Axiom, Distributivity: Provided P,Q : B or R is finite,
(xx|R:P)x(xx|R: Q)= (x| R:PxQ)

(8.16)  Axiom, Range split: Provided RAS = false and P: B or R and S are finite,
(xx |RVS:P)=(*x|R:P)x(*xx|S:P)

(8.17)  Axiom, Range split: Provided P : B or R and S are finite,
(xx|RVS:P)*x (x| RAS:P)=(*x|R:P)x(*x|S:P)

(8.18)  Axiom, Range split for idempotent x : Provided P: B or R and S are finite,
(xx |RVS:P)=(x|R:P)x(*x|S:P)

(8.19)  Axiom, Interchange of dummies: Provided « is idempotent or R and Q are finite,
—occurs(‘y’,‘R’), —occurs(‘x’,‘Q’),
(xx|R:(xy1Q:P))=(y1Q:(*x|R:P))

(8.20)  Axiom, nesting: Provided —occurs(‘y’,‘R’),

(*x,y IRANQ:P)=(xx|R: (x| Q:P))

(821)  Axiom, Dummy renaming: Provided —occurs(‘y’,‘R,P’),
(x| R:P)=(*y | R[x:=y]: Plx:=y])

(8.22)  Change of dummy: Provided —occurs(‘y’,‘R,P’), and f has an inverse,
(xx | R:P) = (xy | R[x:= f.y] : P[x:= f.y])
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(8.23)  Split off term: Forn: N,
() (xil0<i<n+1:P)=xil0<i<n:P)xPli:=n]
(b) (xil0<i<n+1:P)=Pli:=0]x(xil0<i<n+1:P)

Theorems of the Predicate Calculus

Universal quantification.
Notation: (xx|: P) means (xx | true : P).
9.2) Axiom, Trading: (Vx|R:P)= (Vx|:R=P)
(9.3) Trading:

(@ (Yx|R:P)=(Vx]: =RV P)

(b) (Vx|R:P)=(Vx|:RAP=R)

() ("x|R:P)=(Vx|:RVP=P)
94 Trading:

(a (VxIQAR:P)=(Vx|Q:R=P)

(b) (VxIQAR:P)=(Vx|Q:—RVP)

) (VxIQAR:P)=(Vx|Q:RAP=R)

(d (VxIQAR:P)=(Vx|Q:RVP=P)
(9.4.1) Universal double trading: (Vx|R:P)= (Vx| —-P:—R)

9.5) Axiom, Distributivity of \V over ¥V : Provided —occurs(‘x’,‘P’),

PV(Vx|R: Q)= (Vx|R:PVQ)
9.6) Provided —occurs(‘x’,‘P’), (Vx| R:P)=PV (¥x|: -R)
(9.7) Distributivity of A over V: Provided —occurs(‘x’,‘P’),
=(Vxl: 7R) = (Vx| R: PAQ)=PA (Vx| R:Q))
(9.8) (Vx| R : true) = true
9.9) (VxIR:P=Q)= ((VxIR:P)=(VxIR:Q))

(9.10)  Range weakening/strengthening: (Vx| QVR:P)= (Vx| Q:P)
(9.11)  Body weakening/strengthening: (Vx|R:PAQ)= (Vx|R:P)
(9.12)  Monotonicity of V: (Vx|R:Q=P)= ((Vx|R:Q)= (Vx|R:P))

(9.13)  Instantiation: (Vx|: P) = P[x:=E]
(9.16)  Metatheorem: P is a theorem iff (Vx|: P) is a theorem.

Existential quantification.

(9.17)  Axiom, Generalized De Morgan: (Ix|R:P)=-(Vx|R:—-P)

(9.18)  Generalized De Morgan:
(@) ~(Ix|R:-P)=(Vx|R:P)
(b) ~(Ix|R:P)=(Vx|R:—P)
() (IxIR:-P)=-(VxIR:P)
(9.19) Trading: (3x|R:P)=(3x|:RAP)
(920) Trading: (3x|QAR:P)=(3x|Q:RAP)
(9.20.1) Ecxistential double trading: (Ix|R:P)=(Ix|P:R)
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(9202) (3x|:R) = ((Vx|R:P)= (3x|R:P))
(921)  Distributivity of A over 3: Provided —occurs(‘x’,‘P’),
PA(ZxIR:Q)=(3xIR:PAQ)
(9.22)  Provided —occurs(‘x’,‘P’), (x| R:P)=PA(3x|:R)
(9.23)  Distributivity of V over 3: Provided —occurs(‘x’,‘P’),
(IxI:R) = ((AxIR:PVQ)=PV(Ix|IR:Q))
(924)  (3xIR: false) = false
(9.25)  Range weakening/strengthening: (3x|R:P)= (x| QVR:P)
(9.26)  Body weakening/strengthening: (3x|R:P)= (Ix|R: PV Q)
(9.26.1) Body weakening/strengthening: (3x|R:PAQ)= (Ix|R:P)
(9.27)  Monotonicityof 3: (Vx|R:Q0=P)= ((IxIR: Q)= (IxIR: P))
(9.28)  F-Introduction: P[x:=E|=- (Ix|: P)
(9.29) Interchange of quantification: Provided —occurs(‘y’,‘R’) and —occurs(‘x’,‘Q’),
(3xIR:(WyIQ:P))=(Vy|Q:(3x|R:P))
(9.30)  Provided —occurs(‘x’,‘Q’),
(3x I R: P) = Qs a theorem iff (RAP)[x := %] = Q is a theorem.

A Theory of Sets

(11.2)  Axiom, Enumeration: {eg,ej,...,ep_1} ={xlx=e)Vx=eV---Vx=e,_;:x}

(11.3)  Axiom, Set membership: Provided —occurs(‘x’,‘F’),
Fe{x|R:E}=(3x|R:F=E)

(114)  Axiom, Extensionality: S=T7 = (Vx|:xeS =xeT)

(114.1) Axiom,Empty set: 0= {x| false:E}

(1142) ec0® = false

(114.3) Axiom, Universe: U= {x|:x}, U: ser(r)={x:1|:x}

(1144) ecU = true, fore:tandU: ser(t)

(115) S={xlxeS:x}

(11.5.1) Axiom, Abbreviation: For x a single variable, {x | R} = {x | R: x}

(11.6)  Provided —occurs(‘y’,‘R’) and —occurs(‘y’,‘E’),
{xIR:E}={y|(Ix|R:y=E)}

(11.7)  xe{xIR} =R
R is the characteristic predicate of the set.

(11.7.1) y e {x|R} = R[x:=y] for any expression y

(11.9)  {x10}={xIR} = (=|:Q=R)

(11.10) {x1Q} ={x| R} is valid iff Q = R is valid.

(11.11) Methods for proving set equality S=1T :
(a) Use Leibniz directly.

(b) Use axiom Extensionality (11.4) and prove the (9.8) Lemma
v €S = v eT for an arbitrary value v.

(c) Prove Q =R and conclude {x | Q} = {x | R}.
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Operations on sets.
(11.12) Axiom, Size: #S= (Zx|xeS:1)
(11.13) Axiom,Subset: SCT=(VxlxeS:xeT)
(11.14) Axiom, Proper subset: SC7T = SCTAS#T
(11.15) Axiom,Superset: 72585 =SCT
(11.16) Axiom,Proper superset: 7 O>S = SCT
(11.17) Axiom, Complement: ve~S =veUAveS
(11.18) ve~S =v¢S, forvinU
(11.19) ~~8§=S
(11.20) Axiom,Union: veSUT =veSVveT
(11.21) Axiom, Intersection: veSNT = veSAveT
(11.22) Axiom, Difference: veS—T =veSAve¢T
(11.23) Axiom,Powerset: ve 25 =vCS
(11.24) Definition. Let E; be a set expression constructed from set variables, @, U, ~, U, and N.
Then E), is the expression constructed from E by replacing:
0 with false, U withtrue, UwithV, Nwith A, ~ with .
The construction is reversible: E¢ can be constructed from E,.
(11.25) Metatheorem. For any set expressions E; and Fj:
(a) Es;=F;isvalidiff E, = F), is valid,
(b) Es C Fyis valid iff E, = F), is valid,
(¢) E;=Uis valid iff E), is valid.

Basic properties of U.

(1126) SymmetryofU: SUT =TUS

(11.27)  Associativity of U: (SUT)UU =SU(TUU)
(11.28) Idempotencyof U: SUS=S

(11.29) ZeroofU: SUuU=U

(11.30) Identityof U: SUO=S

(11.31) Weakening: SCSUT

(11.32) Excluded middle: SU~ S=TU

Basic properties of N.

(11.33) SymmetryofN: SNT=TnNS

(11.34) Associativityof N:  (SNT)NU =SN(TNU)
(11.35) Idempotencyofn: SNS=S

(11.36) ZeroofNn: SNO=0

(11.37) Identityof n: SNU=S

(11.38) Strengthening: SNT7T CS

(11.39) Contradiction: SN~S=0
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Basic properties of combinations of U and N.
(11.40) Distributivity of Uover N: SU(TNU)=(SUT)N(SUU)
(11.41) Distributivity of Nover U: SN(TUU)=(SNT)U(SNU)
(11.42) De Morgan:

(&) ~(SUT)=~SN~T

b) ~(SNT)=~SU~T

Additional properties of U and N.
(1143) SCTAUCV=(SUU)
(1144) SCTAUCV=(SNU)
(1145) SCT=SUT=T
(1146) SCT=SNT=S
(1147) SUT=U = (Vx|xeU:x¢S=xeT)
(1148) SNT=0 = (Vxl:xeS=x¢T)

(TUV)

c
c(rnv)

Properties of set difference.
1149) S—-T=8SN~T
(11.50) S—-TCS

(11.51) S—-0=S

(11.52) SN(T—-S)=0

(1153) SU(T—S8)=SUT
(1154) S—(TUU)=(S—T)N(S—U)
(1155) S—(TNU)=(S—T)U(S—U)

Implication versus subset.
(1156) (v¥x|:P=Q) = {x| P} C {x] 0}

Properties of subset.

(11.57) Antisymmetry: SCTATCS =S=T
(11.58) Reflexivity: SCS

(11.59) Transitivity: SCTATCU=SCU
(11.60) 0CS

(1161) SCT =SCTA-(TCS)

(11.62) SCT =SCTAGx|xeT:x¢S)
(11.63) SCT =8SCTVvS=T

(1164) S¢S

(1165 SCT=SCT

(1166) SCT=TZS

(11.67) SCT=T¢S

(11.68) SCTA-(UCT)=~UCYS)
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(1169) (IxlxeS:x¢T)=>S#T
(11.70) Transitivity:
(a SCTATCU=SCU
b) SCTATCU=SCU
() SCTANTCU=SCU

Theorems concerning power set &2.
(11.71) 220 = {0}

(11.72) Se &S

(11.73)  #(228) =2 (for finite set S)

Union and intersection of families of sets.

(11.74.1) Definition: ve (Ux|R:E) = (Ix|R:vEE)

(11.75.1) Definition: ve (Nx|R:E) = (Vx|R:VvEE)

(11.76) Axiom, Partition: Set S partitions 7T if
(i) the sets in S are pairwise disjoint and
(i1) the union of the sets in S is T, that is, if
Vu,vlueSAveSAuviunv=0AUulueS:u)=T

Bags.

(11.79) Axiom,Membership: ve {x|R:E[} = (Ix|R:v=E)

(11.80) Axiom,Size: #{x|R:E[}=(Xx|R:1)

(11.81) Axiom, Number of occurrences: v#{x|R:E[f=Xx|RAv=E:1)
(11.82) Axiom,Bag equality: B=C = (Vv|: v#{B = v#C)

(11.83) Axiom, Subbag: B C C= (Vv|: v#tB < v#C)

(11.84) Axiom, Proper subbag: BCC=BCCAB#C

(11.85) Axiom,Union: BUC={v,il0<i<v#B+v#C:v |

(11.86) Axiom, Intersection: BNC={v,i|0<i<v#B|v#C:v[

(11.87) Axiom, Difference: B—C={v,i|0<i<v#B—v#C:v |}

Mathematical Induction

(12.3)  Axiom, Mathematical Induction over N:
(Vn: N|: (Vil0<i<n:Pi)= Pn) = (Vn: N|: Pn)
(124)  Mathematical Induction over N:
(Vn: N|: (Vil0<i<n:Pi)=Pn) = (Vn: N|: Pn)
(12.5) Mathematical Induction over N:
POA(Vn: N|: (Vil0<i<n:Pi)=Pn+1)) = (Vn: N|: Pn)
(12.11)  Definition, b to the power n:
=1
Pl =b-b" forn>0
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(12.12) b to the power n:

=1

p"=b-b""' forn>1
(12.13) Definition, factorial:

0ol=1

nl=n-(n—1)! forn>0
(12.14) Definition, Fibonacci:

Fy= O, F = 1

F,=F,1+F,, forn>1
(12.14.1) Definition, Golden Ratio:
(12.15) ¢*=¢+1
(12.16) FE,<¢™ ! forn>1
(12.16.1) ¢" 2 <F, forn>1
(1217)  Fyym =Fn-Fpr1 +Fp1 - By

0= (14++5)/2~1.618
and ¢>=¢+1

forn>0andm > 1
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